We consider the thermal properties of IIA string theory on the pp-wave which comes from the circle compactification of the maximally supersymmetric eleven dimensional pp-wave. The one-loop free energy is computed and Hagedorn temperature is found as a function of the RR-flux µ. In the µ → ∞ limit, the free energy is shown to be identical with that of IIB string theory on maximally supersymmetric pp-wave. We use two complementary approaches, operator and path integral methods. Several points, including the zero point energy and the modular properties of the free energy, are more illuminating and transparent in the path integral method. We find the complete agreement between those two approaches in the free energy expression and the dependency of the Hagedorn temperature on the RR-flux.
Introduction and conclusion
Sting/M theory is often considered as the theory of everything and as such it is hoped to explain the early Universe from the theory [1] . In this sense, it is very important to understand the finite temperature physics of the string/M theory. As is well-known, there are some difficulties in investigating the thermodynamics of the theory which contains the gravity, for example, the string theory which is our main focus in this paper. The gravity has the Jeans' instability which is deeply related to the formation of black holes. And also the energy of the system with gravity may be difficult to be defined. But, as was argued in [2] , we may consider the weakly coupled low energy limit of such theory and get some insight on the thermodynamics of the theory. The most notable feature of the thermodynamics of string theory is the existence of the Hagedorn temperature [3, 4] , around the Planck scale. It is due to the exponential growth of the level density of string states. There have been discussions whether the Hagedorn temperature is the limiting temperature or it signals a phase transition. So far, there is no clear understanding about the physics above the Hagedorn temperature.
There were some interesting works [5, 6, 7, 8, 9, 10] on the finite temperature physics of type IIB superstring theory on the maximally supersymmetric ten-dimensional pp-wave spacetime [11] . They calculated the free energy and found the dependence of the Hagedorn temperature on the RR-flux. If we assume that the Hagedorn temperature on the pp-wave geometry depends on µ smoothly and is connected with that of the flat space in the µ → 0 limit, then, from the dimensional argument, the Hagedorn temperature on the pp-wave background may be expanded as a series of the characteristic mass scale, µ, of the pp-wave
Here a n is the numerical constant depending on the details of pp-wave geometry. The IIB pp-wave geometry can be obtained by taking the Penrose limit of the AdS 5 × S 5 spacetime, and gives another solvable model for Green-Schwarz superstrings [12] . As one incarnation of AdS/CFT correspondence [13] , the finite temperature behavior of IIB string theory on this pp-wave has been studied in connection with that of the dual N = 4 super Yang-Mills theory in the corresponding limit.
In this paper, we would like to study the thermodynamics of type IIA Green-Schwarz superstring on the ten dimensional pp-wave geometry [14] ,
. This geometry comes from the dimensional reduction of the maximally supersymmetric eleven dimensional pp-wave [15] , and has one characteristic mass scale, µ.
We use the canonical ensemble to study the thermal properties of IIA string theory on this pp-wave geometry. The canonical ensemble may not be justified in the cases when the formation of long string is not ignored, as its fluctuations make the thermalization for the gas of strings difficult, and in such cases the microcanonical ensemble should be used instead [16, 17, 18, 19, 20] . It would be interesting to study the thermodynamics of IIA string theory on pp-wave using the microcanonical ensemble and see the implications.
There are two complementary approaches to calculate the one-loop free energy of the finite temperature string theory. One is the operator method which can be adaptable easily once the light-cone gauge is chosen. The other is the path integral approach which is conceptually more transparent and is readily generalized to higher loops. In this paper we compute the one-loop free energy using both methods and obtain the Hagedorn temperature which takes the assumed form (1.1).
The Hagedorn temperature is found to be the monotonic function of √ α ′ µ and goes to infinity as µ → ∞. In the same limit, the free energy is shown to become
which is exactly the same as that of IIB string theory on the pp-wave [10] . In general, the free energy of d dimensional field theories at high temperature behaves as [2] from the Penrose limit of AdS 4 × S 7 or AdS 7 × S 4 . Since the M theory on those AdS spacetimes are dual to three dimensional and six dimensional conformal field theories, respectively, it is natural to expect, in the spirit of the AdS/CFT correspondence, the M theory on the pp-wave is dual to (the common sector of ) those theories in the corresponding limit. Our study on the finite temperature physics of IIA strings on pp-wave may give some clues to understand those dual theories. This paper is organized as follows. In section two, we briefly review IIA string theory on the pp-wave geometry. In section three, we obtain the free energy of the weakly interacting string gas on the pp-wave using the operator method. In section four, we consider the asymptotics of free energy and find the Hagedorn temperature which depends on the RRflux through the difference of boson and fermion zero point energies. In section five, we use the path integral approach to calculate the one-loop free energy. In this approach, we clarify various points, including the zero point energy and the modular properties of the one-loop free energy. In section six, we find complete agreements between the results from the operator and path integral methods. We have included some useful formulae in the Appendix.
Review: IIA superstring on the pp-wave geometry
In this section we summarize some results for the type IIA superstring theory on the ten dimensional pp-wave spacetime, including the mode expansions, the normal ordered world-sheet Hamiltonian and momentum (see for more details [14, 21] ). The IIA pp-wave geometry (1.2) admits 24 Killing spinors, as the torus compactification breaks 8 supersymmetries out of 32 in the eleven-dimensional pp-wave geometry. In the light-cone gauge, the world-sheet description of IIA Green-Schwarz superstrings on this pp-wave background is given by the two-dimensional, free massive N = (4, 4) supersymmetric theory. As the metric of pp-wave geometry suggests, the bosonic fields in the string action, which are the target space coordinates, split into two multiplets with masses proportional to µ 3 and µ 6 in the light-cone gauge. Interestingly enough, the fermionic superpartners, after kappa gauge fixing, also split into two multiplets with the same masses as bosonic partners, classified by the chirality of SO(8) rotations in x I and SO(4) rotations in x i ′ 1 . This is due to the fact that eight Killing spinors, which correspond to the dynamical supersymmetry on the string world-sheet, do not explicitly depend on the coordinate x + . Let us denote the chirality of SO(8) and γ 1234 as superscripts 1, 2 and subscripts ± for fermions, ψ 1, 2 ± , respectively. Then one can see that the theory contains two supermultiplets (X i , ψ 1 − , ψ 2 + ) and (X i ′ , ψ 1 + , ψ 2 − ) whose masses are given by m 3 and m 6 , respectively, with m ≡ µα ′ p + .
(2.1)
The light-cone gauge fixed action for this IIA Green-Schwarz superstring becomes
In what follows, the indices I = 1, 2, ..., 8 denote the 8 transverse coordinates, among which the indices i = 1, ..., 4 denote the direction where RR field strengths are spanned and the indices i ′ = 5, ..., 8 denote the other directions. We also take the real and symmetric representation for SO(8) gamma matrices.
where α = 0, 1 denotes worldsheet index and ∂ ± = ∂ 0 ± ∂ 1 .
With frequencies
each field in the multiplet (X i , ψ 1 − , ψ 2 + ) can be mode expanded as
is the normalization constant taken canonically. After the canonical quantization, unprimed modes satisfy the following commutation relations,
Each field in the multiplet (X i ′ , ψ 1 + , ψ 2 − ) can also be mode expanded and canonically quantized similarly with frequencies
Introducing the number operators N B i n , N F n defined by 5) and N B i ′ n , N ′F n , defined similarly, the world-sheet momentum and Hamiltonian can be written as
6)
(2.7)
Operator method
In this section we use the operator method to study the thermodynamic properties of IIA strings on the pp-wave. We consider the canonical ensemble composed of an ideal gas of weakly interacting strings on the given background. We mainly focus on the thermodynamic partition function or the free energy of string gas, from which all the other thermodynamic quantities can be obtained. The free energy of the string gas can be expressed in terms of the trace, Tr ′ , over the one-string physical states as
where F is the space-time fermion number operator 2 . The level matching condition N =Ñ can be implemented by introducing the Lagrange multiplier, τ 1 , as
where Tr denotes the trace over the one-string Fock space states without the level matching condition.
In the light-cone formalism which is particularly suitable for the given pp-wave geometry, the space-time energy p 0 is split into the dynamical variable, p − = 1 α ′ p + H, and kinematical one, p + , as p 0 = 1 √ 2 (p + + p − ). In the given pp-wave background, p + is continuous parameter and p − has the discrete spectrum for given p + and the one-string states are represented by the quantum numbers of them. Accordingly, the above Tr can be written as
where L represents the (infinite) length of the longitudinal (x 9 = 1 √ 2 (x + − x − )) direction and tr trans denotes the trace for the transverse oscillators without level matching constraint.
The first term in the free energy expression in (3.2) is simply the integral over p + of the Witten index: tr trans 2 One may use ap + + bp − instead of βp 0 for the Boltzman factor [6, 8, 10] , which is connected with the grand canonical ensemble. The results for this substitution can be easily read from our results as the geometry is invariant under the boosting along the longitudinal direction with the rescaling of µ.
which, in our case, turns out to be unity. This Witten index vanishes in the case of string theory on flat spacetime, due to fermion zero modes. Let us define
then the mass parameter, m, can be rewritten as
This change of variables leads to
In the computation of tr trans [e 2πiτ 1 P e −2πτ 2 H ], for each mode including the zero mode part, we use the following formulae
with similar ones for N B i ′ n , N ′F n . Finally, the free energy becomes
(3.9)
Since we have used the normal ordered Hamiltonian, the zero point energy contribution to the free energy cancels between bosons and fermions and does not appear in the above expression.
Free energy and Hagedorn temperature
In this section, we obtain the dependence of the Hagedorn temperature on the RR flux, µ.
We will see that the Hagedorn temperature behaves smoothly with respect to RR-flux and is a monotonic function of µ.
In order to see the asymptotic behavior of the free energy, it is convenient to know the modular property of the following quantity
with the modified Bessel function K 1 (x). Note that
∆ b (m) will be identified as the physical zero-point (or Casimir) energy for two dimensional massive boson or fermion field with the twisted boundary condition in the path-integral approach given in the next section. One can see that the above D b 1 , b 2 (τ 1 , τ 2 ; m) has the following modular property [22, 23] 
We can exhibit the free energy using D a, b (τ 1 , τ 2 ; m) as
(4.5)
Since D b 1 , b 2 (τ 1 , τ 2 ; m) diverges when τ 1 , τ 2 and µ vanishes, we consider the limits τ 1 = 0 and τ 2 → 0 for the integrand of the free energy to see the seemingly divergent behavior of it 3 . Note that m goes to infinity when τ 2 goes to zero. This make it difficult to see the singular behavior of D b 1 , b 2 (τ 1 , τ 2 ; m), but (4.4) can be utilized to avoid it. This modular transformation helps to extract the singular behavior of the integrand. One can see that the singular nature is incorporated in the zero-point energy, ∆ b (m), from the modular property (4.4) as
where m|τ | becomes lβµ/(2 √ 2π) in the limit τ 1 = 0, τ 2 → 0. The asymptotics of the free energy, then, reads as
The smallest temperature for the potential divergence of the above free energy is given by l = 1 case, which is taken as the Hagedorn temperature T H = 1/β H :
Hagedorn temperature is often defined as the temperature at which the thermal winding mode of the string becomes massless [24, 25, 2] . As will be clear in the next section, this gives the same result. It is interesting to observe that, if the effective tension of the thermal winding string, depending on the temperature, is defined as follows:
then, the leading term(l = 1) in the free energy (4.7), after a suitable rescaling in τ 2 , can be written as 9) and the Hagedorn temperature becomes
Note that these take the same forms as those of the string theory on the flat spacetime and reduce to the flat spacetime case smoothly as µ goes to zero. For the small value of µ, one can obtain the explicit Hagedorn temperature expression in a perturbative series of √ α ′ µ. Since the series expansion for the zero point energy is given by (see the Appendix for the full expression and its derivation),
the Hagedorn temperature up to µ 2 order is
On the other hand, the large µ asymptotics of the Hagedorn temperature can be obtained as
through the asymptotic expansion of the zero-point energy :
The free energy in this limit becomes identical with the one in the IIB case [10]
which shows a kind of the universality in the µ → ∞ limit. Note that this is a typical free energy behavior of two dimensional field theories at high temperature [2] . It strongly indicates, at least in the weakly coupled regime, that strings on the pp-wave geometry, in the large µ limit, effectively live on the two-dimensional spacetime. The AdS/CFT correspondence suggests that the dual theory of the M theory on maximally supersymmetric pp-wave would be related to some common sector of six-dimensional (2,0) theory or N = 8 three-dimensional conformal field theory. Since our IIA pp-wave geometry comes from this eleven-dimensional pp-wave, our IIA string theory should be deeply related to these dual theories. It would be interesting to see the implications for dual theories of the behavior of free energy in the large µ limit.
Path integral approach
To obtain the genus-one free energy expression which is manifestly modular invariant, it will be useful to use the path integral formalism. The path integral approach is also more satisfactory for the introduction of the zero-point energy and useful for extending to higher genera. We will present all the involved quantities by the path integral method. In this section, we follow the standard formalism of thermal string theory and clarify several points. In the next section, we find the complete agreement with the results from the operator method in the free energy and Hagedorn temperature.
In finite temperature field theories, the time coordinate is Wick-rotated and compactified with the circumference β. In string theory, it corresponds to impose the following periodicity conditions on the Euclideanized time coordinate X 0 E :
where r and l correspond to the winding and momentum modes along the compactified thermal direction, respectively. Note that we also euclideanized worldsheet time as σ 2 = iσ 0 . The classical configurations which satisfy these boundary conditions are
For convenience, we perform the field redefinitions in the fermions as
and then, in terms of z ≡ σ 1 +iσ 2 andz ≡ σ 1 −iσ 2 , our Euclideanized light-cone Lagrangian can be written as
For the calculation of the one-loop amplitude via the path-integral approach in the Green-Schwarz superstring, we should take into account the possible boundary conditions for the GS fermions, S a . They are spacetime fermions and, thus, should be antiperiodic along the thermal direction X 0 E in the finite temperature formalism. Therefore the boundary conditions for the fermions, consistent with the periodicity conditions (5.1), are [26] 
with the same conditions for S ′ 1 (z) and similar ones for S 2 (z), S ′ 2 (z). The light-cone gauge, X + = α ′ p + σ 0 , is questionable with the thermal winding configuration (5.2) and the spacetime Wick rotation [27] . But we can avoid this by choosing the following gauge [7] :
Despite its apparent complexity, this gauge gives the same action as the above light-cone gauge one (5.4) after the world-sheet rotation
which leads to
with the rescaling of fermions. The only modification is in the mass parameter in the above action (5.4) as
At first glance, the (r, l) = (0, 0) term seems to be problematic because it means the gauge choice X + = x + 0 = constant and moreover the (r, l) dependent world-sheet rotation seems to be not well-defined. However, one may note that (r, l) = (0, 0) part of the free energy expression corresponds to the one-loop vacuum amplitude. In the computation of oneloop vacuum amplitude in the GS superstrings using the path-integral, one can treat X + "effectively" as constant after rescaling the fermions to have the canonical kinetic term as shown in [28] . This also applies to the pp-wave case [29] . In this case, the mass terms also effectively vanish which is consistent with the gauge choice, X + = const., for (r, l) = (0, 0) mode giving m ′ = 0.
To exhibit the one-loop free energy, let us introduce the transverse partition function defined by
where (r, l) denotes the boundary conditions Eq. (5.5) for the fermions S a 1, 2 , S ′ a 1, 2 on the torus. The path-integrals of X 0 E , X 9 and Faddeev-Popov ghosts for the gauge fixing around the classical configurations (5.2) give [1, 2, 30] r, l∈ Z βL
As a result, the one-loop free energy for a closed string gas can be written as
where F denotes the fundamental region of the torus
and L is the (infinite) length of the longitudinal direction used in the operator method given earlier.
To get the transverse partition function (5.10), it will be convenient [32, 33] to use the new coordinates, ξ 1 , ξ 2 , defined by z = ξ 1 + τ ξ 2 ,z = ξ 1 +τ ξ 2 , with dzdz = d 2 ξ 2τ 2 and
The various fields X i , X i ′ , S a 1, 2 , S ′ a 1, 2 on the torus are Fourier expanded as X(ξ 1 , ξ 2 ) = n 1 ,n 2
x n 1 ,n 2 e in 1 ξ 1 +in 2 ξ 2 , (5.14) 15) and the eigenvalues of those fields are given by
where M denotes m ′ 3 or m ′ 6 .
The above type of path-integrals was calculated in [31] . We now redo that calculation in our context and clarify several points. Since the generalization to other cases are straightforward, it will be sufficient to consider the path-integral of a massive complex bosonic field φ of mass M with the twisted boundary condition φ(ξ 1 + 2π, ξ 2 ) = e 2πib 1 φ(ξ 1 , ξ 2 ), φ(ξ 1 , ξ 2 + 2π) = e 2πib 2 φ(ξ 1 , ξ 2 ). The energy eigenvalues are, then, given by 16) and the partition function becomes
where we have absorbed the overall constant in the action by the field redefinition of φ.
As usual, this determinant can be regulated and evaluated using the ζ-function method by considering
where we have introduced the renormalization scale µ R to insure the function G(s) dimensionless in the ζ-function scheme. As is well-known, this corresponds to the introduction of the cosmological constant term in the string world-sheet action as a counter term. Note also that we have included the factor τ 2 which comes from the Lagrangian measure of the coordinate transformation from (z,z) to (ξ 1 , ξ 2 ). As was pointed out in [31] , it is required to perform the ultraviolet renormalization in the above determinant expression 4 , and our insertion of the renormalization scale, µ R , takes care of that. By the analytic continuation of s, the renormalized determinant can be evaluated through
It is sufficient to consider G(s) up to the linear order in s to get G ′ (0). Denoting a = (
where we have used the formula in the Appendix, (A.2), for n 2 summation. Using the formula (A.2) once again, we can see that the first term in the sum can be expanded in terms of s as
where ∆ b (m), the function defined by (4.2), appears naturally in this approach. The second term inside the sum is also expanded as
To proceed, note that K 1 2 (z) = π 2z e −z and
In all, the partition function for the massive complex scalar field φ is given by
The above ∆ R b 1 (M ) is the so-called zero-point energy (or Casimir energy) on the worldsheet. But we emphasize that this is the renormalized quantity, not the physical one in the context of the renormalizable quantum field theory [34] . To get the physical quantity we need to impose the renormalization condition. We will take it by the criterion
which is the standard choice in the Casimir energy literature [35] (see also [36, 37] ). This consideration finally gives us the physical quantity ∆ ph b 1 (M ) = ∆ b 1 (M ), and it will be economical to write the partition function only with the physical zero-point energy as
As a special case, the partition function of the massive real scalar field X is given by
Although GS fermions are not world-sheet fermions, in the path-integral formalism they are treated as Grassmann variables only with the different boundary conditions from those of world-sheet fermions. Hence, with a change according to the nature as the Grassmann variables, the direct application of the above result for a complex boson to GS fermions, S a , leads to
This justifies the form of D b 1 , b 2 (τ 1 , τ 2 ; M ) with ∆ b 1 (m) introduced in a somewhat "ad hoc" way in (4.1). Moreover, resurrecting the full arguments of G(s) as G b 1 , b 2 (s; τ 1 , τ 2 , M ), one can observe the following modular property of G(s) from the translational symmetry by integer steps in the infinite double summation over n 1 and n 2
Note that we can always take 0 ≤ b 1, 2 < 1 by a suitable translation. These properties are transferred to G ′ (0) which explains the modular property of D b 1 , b 2 (M ) in (4.4). After all these, the transverse partition function is given by
This transverse partition function has the following modular property, as can be seen from that of G(s),
Equivalence between operator and path integral methods
In this section we find the complete agreement between operator and path integral approaches. Apparently, two approaches give the different integration and summation regions in the free energy expression. However, as the flat space case, these two forms of the free energy can be shown to be equivalent by the resummation with the change of integration region. Before going ahead, a couple of comments are in order. First, note that we need the renormalization prescription (like Eq. (5.26)) in the pathintegral approach while it is already done implicitly in the operator method. The normal ordering prescription in the operator approach is a kind of renormalization prescription for free fields, but it is not incorporated in the path-integral.
Second, the factor τ 2 in Eq. (5.18) was not explicitly included in [31] , contrary to the string theory literatures [32, 33, 5] . Nevertheless, we should have the same physical quantity because it comes from the Lagrangian measure of the coordinate transformation. This can be understood from the fact that the physical quantity we will get after imposing the renormalization condition is independent of this factor (and, of course, the renormalization scale, µ R ). This is also obvious from the fact that we can take the new renormalization scale asμ = µ R / √ τ 2 in Eq. (5.18) .
Third, the ζ-function method gives us the regularized form of the zero-point energy directly, and this gives the identical result with the one from the standard method for the zero-point (or Casimir) energy (m) is identical with ∆ b (m), we do not need this regularization as a separate treatment in the operator method or the path-integral one because we have already fixed the renormalization prescription in the former one by the normal ordering and in the latter one by the ζ-function with a suitable renormalization condition.
Fourth, since the Hagedorn temperature dependence on the RR flux is entirely given by the difference of bosons and fermions zero-point energy as indicated in Eq. To get the one-loop free energy expression, we can also make use of the Coleman-Weinberg formula [1, 30] , which results in
(6.2) Recalling the Wick rotation p 0 = ip 0 E and p ± = (p 0 ± p 9 )/ √ 2, one can see that this is identical with the previous one-loop free energy (5.12) through βL (2π) 2 dp + dp − e 2πτ 2 α ′ p + p − = i βL
Note that the transverse partition function can also be represented as an operator trace [7] Z (r, l)
where H(r) is defined by the same form as (2.7) while the integer n in ω n and ω ′ n is replaced by n + 1−(−1) r 4 .
The naive application to (r, l) = (0, 0) mode of the free energy expression (6.2) with the above operator form of the transverse partition function gives
After β is regarded as another longitudinal length, this is identical with the one-loop vacuum amplitude in [22] except for the details in our IIA setting. By following the same step as given in [22, 29] or by closely examining the construction given here, one can show the modular invariance of the closed string one-loop vacuum amplitude in our IIA strings, which is one of the consistency check of the given metric as a string theory background. Naively, it is not zero and rather seems to be divergent. It would be the artifact of the light-cone gauge X + ∼ σ 0 because the same quantity without the light-cone gauge fixing in the path-integral formalism can be shown to be zero [29] . Since our background is consistent and globally supersymmetric, we believe the one-loop vacuum amplitude is zero by the cancellation of the bosonic and fermionic vacuum energies. We may simply ignore (r, l) = (0, 0) term. Alternatively, we may regard it as incorporated already in the above expression (6.2) without modification by noting that m ′ vanishes for (r, l) = (0, 0) and vanishing m ′ implies the integrand in (6.2) is zero.
We return to the one-loop free energy expression (5.12) with (5.31) in the path-integral approach, which becomes
where m ′ and b 1,2 are defined in (5.9) and (5.29), respectively. The above free energy is written as the integral over the fundamental region of the torus, but through the explicit resummation of r and l it can be rewritten over the half strip region, E, given in the operator method, with letting r = 0
The resummation with the change of the integration region for flat space case [38, 39] can be summarized as r, l∈Z
Note that since the transverse partition function Z (r, l) trans (τ 1 , τ 2 ) has the same modular property, given in (5.32) , as e −S β (r, l) , the above resummation with the change of the integration region can be applied to our case as well. Moreover, since (r, l) = (0, 0) term has no contribution, it does not have any effect in the resummation with the change of the integration region.
As m ′ becomes m for r = 0, the free energy can be written as
Note that this is identical with the result from the operator method given in Eq. (4.5).
After the S-modular transformation,
which exchanges the winding and momentum modes, we can perform the resummation with the change of integration region. This form, which contains the zero-point energy difference leading to the Hagedorn temperature, gives the one-loop free energy in terms of the winding mode summation and shows that the winding string becomes tachyonic at the Hagedorn temperature [2, 7] . Now, by taking the correct m → 0 limit, we can check the free energy expression with the one obtained in the RNS formalism [2] without difficulty. Recalling the correct zero mass limit Z where V = L V 8 .
Next, note that S(s) (b,m) can also be expanded as a power series in terms of m as, We emphasize that the above procedure through Eq. (A.6) does not involve the divergent expression which needs a regularization but just gives us a mathematical relation by the analytic continuation 6 . With Eq.s (A.3),(A.5), we can finally get the power series expansion for ∆ b (m) in terms of m as,
(A.8)
The special cases b = 0 and b = 1/2 give us
which is the identical expression with the one in Ref. [10, 31] .
